Mechanics of Materials 13 (1992) 131-154 131

A variational mechanics analysis of the stresses around breaks
in embedded fibers

John A. Nairn

Department of Materials Science and Engineering, University of Utah, Salt Lake City, Utah 84112, USA

Embedded single-fiber tests are often used to characterize the fiber/matrix interface, but their in-
terpretation is usually limited by reliance on the qualitative view of the stresses provided by shear-lag
analyses. This paper describes a new, three-dimensional, axisymmetric solution for the stresses around
breaks in embedded fibers. The new solution is obtained using variational mechanics. It obeys equilibrium
and traction boundary conditions exactly, obeys compatibility approximately, includes all components of
the stresses, accounts for interacting fiber breaks, and includes residual thermal stresses. We apply the
stress analysis to the single-fiber fragmentation test. In some sample calculations, we plot all components
of stress at the fiber/matrix interface and give predictions for an “ideal” single-fiber fragmentation test.
The stress analysis technique is readily adaptable to new problems such as the single-fiber pull-out test,
the microdrop debond test, the description of interfacial fracture or yielding, and the effect of interfacial

friction.

1. Introduction

Without question, the fiber/matrix interface plays a role in determining composite properties. The
relative importance of the interface is low or high depending on the specific property of interest. A complete
understanding of composite materials can only follow from a thorough understanding of interfacial properties.
To study the fiber/matrix interface, many researchers rely on embedded single-fiber tests. These tests
include single-fiber fragmentation tests (Wadsworth and Spilling, 1968; Fraser, Ancker and DiBenedetto,
1975; Oshawa, Nakayama, Miwa and Hesegawa, 1978; Fraser, Ancker, DiBenedetto and Elbirli, 1983; Drzal,
Rich, Camping and Park, 1980; Drzal, Rich and Lloyd, 1982; Drzal, Rich, Koenig and Lloyd, 1983; Drzal,
Rich and Koenig, 1985; Rich and Drzal, 1986; Bascom and Jensen, 1986; Folkes and Wong, 1987; DiLandro
and Pegoraro, 1987; DiLandro, DiBenedetto and Groeger, 1988; DiBenedetto and Lex, 1989; Netravali,
Schwartz and Phoenix, 1989), fiber pull-out tests (Piggot, Chua and Andison, 1985; Piggot, 1987; Penn,
Bystry and Marchionni, 1983), microindentation tests (Mandell, Chen and McGarry, 1980), and microdrop
debond tests (Gaur and Miller, 1989). The results of these various tests are significant, but the quantitative
interpretation of the results is limited by the near universal use of simplistic stress analyses such as shear-lag
models (Cox, 1952; Rosen, 1964; Amirbayat and Hearle, 1969) or uniform shear stress assumptions (Kelly
and Tyson, 1963). This paper introduces a new approach to the analysis of stresses in embedded fibers. The

new analysis uses variational mechanics, achieves a closed-form solution, and is shown to be accurate.
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Fig. 1: The single-fiber fragmentation test. A: Under load o, the single fiber develops multiple breaks which
partitions the fiber into multiple fragments. B: A single fragment of length [ showing a fiber of radius 11 surrounded
by a matrix cylinder of radius 2. C: Force balance in a differential element of the fiber fragment.

Most analyses of stress transfer between a single fiber and a matrix can be classified as elasticity analyses,
typically based on shear-lag (Cox, 1952; Rosen, 1964) or shear-lag equivalent (Amirbayat and Hearle, 1969)
assumptions, or as elastic-plastic analyses, typically based on a constant interfacial shear stresses in regions
where the interface has failed (Kelly and Tyson, 1963). The shear-lag elasticity analyses have their origins
in the work of Cox (1952). As shown in Fig. 1C, the resultant shear force, S, that the matrix exerts on the
fiber is P

S =2nriT = e (1)
where 7 is the interfacial shear stress. Cox (1952) assumed that the shear force, S, is proportional to the
difference between the displacement in the matrix, u, and the displacement in the matrix that would exist
if the fiber were absent, v, or that S = H(u — v). The resulting simple equation can be solved to give the
tensile stress in the isolated fiber fragment of length | (See Fig. 1B). The result when the stresses at the fiber
ends (z = £1/2) are zero is (Cox, 1952)

of=FEse |1—

(2)

cosh Bz]

Bl
cosh 5

Expressions of identical form have subsequently been derived by others (Rosen, 1964; Amirbayat and Hearle,

1969). The interfacial shear stress is

—_— 3
2 cosh 2! )
In these equations, E 4 is the fiber axial modulus, ¢ is the applied strain, r1 is the fiber radius and

H
— S 4
,6 WT% EA ( )
A typical plot of the fiber tensile stress and the interfacial shear stress is in Fig. 2A. The tensile stress is zero

at the fiber ends and builds to a constant value approaching E4e near the center of the fragment. Stress
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Fig. 2: Tensile stresses in the fiber (of) and the shear stresses at the fiber/matrix interface (7) as calculated by A:

shear-lag analysis and B: constant shear stress analysis. Also shown in A is the form of the “exact” solution for the
interfacial shear stresses.

is transferred from the matrix to the fiber by shear at the interface. The shear stress is a maximum at the
fiber ends and decays towards zero at the center of the fragment.

There are limitations to the “simplistic” shear-lag analysis. First, the radial and hoop stresses are not
determined by this one-dimensional analysis. These ignored stresses are important because they affect stress
transfer as well as interfacial failure. In particular, the radial stress at the interface is important because
differential thermal shrinkage between the fiber and the matrix typically leads to a shrink fit or radial
compressive stresses at the fiber/matrix interface (Nairn, 1985). A compressive stress promotes physical
adhesion and certainly plays a significant role in the performance of the interface. A second limitation is the
necessity of determining the shear interaction parameter, H. Cox (1952) proposes that in the limit of high
fiber volume fraction that
I 27G o, N 27rCrv’2m (5)

21 In 22
1 T1

where G, is the matrix shear modulus, and 79 is the average separation between adjacent fibers. Embedded
single-fiber tests are inherently low fiber volume fraction tests and Eq. (5) may poorly estimate H.

A third limitation with the shear-lag analysis is that it produces an inadmissible stress state, or a stress
state that does not obey stress equilibrium (Whitney and Drzal, 1987). Consider analysis of the single-fiber
fragmentation test in which the fiber contains multiple breaks (see Fig. 1A). The shear-lag solution predicts
the maximum shear stress in any fragment to be at the fiber breaks. The “exact” solution, however, will
have zero interfacial stress at the fiber breaks; zero shear is required by symmetry. Figure 2A compares the
form of the “exact” solution to the shear-lag solution and shows that the shear-lag analysis misrepresents
the interfacial shear stress, especially near the fiber breaks. We therefore question any conclusions about
interfacial failure that are based on shear stress induced failure and that rely on the form of the shear stresses
given by a shear-lag analysis

One way to avoid some limitations of the shear-lag analysis is to forget about the details of the interfacial
shear stresses that lead to interfacial failure and only consider the post-failure stresses. Adopting this
approach, Kelly and Tyson (1963) assumed the post-failure interfacial shear stress to be a constant, 7,
characteristic of the strength of the fiber/matrix interface. Using this assumption and Eq. (1), the tensile

stress in the fiber near a fiber break at z = —1/2 is

21y l
o =2 (24 3) (6)
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The Kelly and Tyson approach is elastic-plastic in that the fiber stress will increase linearly (according to
Eq. (6)) until it reaches E e or the tensile stress that would exist in the absence of the fiber break. After
reaching F se, the tensile stress is assumed to remain constant. A similar analysis applies to the stresses
near the fiber end at z = [/2. The interfacial shear stress and the fiber tensile stress by this model are shown
in Fig. 2B.

The constant shear-stress approach also has limitations. First, this one-dimensional approach still does
not define the hoop or radial stresses and therefore again ignores the important interfacial radial stress.
In the post-failure state, a large contribution to 7, might come from friction and the amount of frictional
force will depend on the magnitude of the radial compressive stresses. Second, this approach only seeks to
describe the stresses in the post-failure state. As such, it does not help in understanding interfacial failure
mechanisms.

There have been a few finite element analyses of stresses around breaks in embedded single fibers
(Carrara and McGarry, 1968; Broutman and Agarwal, 1974) but there has been surprisingly little effort at
achieving analytical methods that improve on the shear-lag methods. One significant result is described by
Whitney and Drzal (1987). They use a stress function approach that guarantees an admissible solution. Their
results, however, have two limitations. First, their choice of a stress function was guided by the previously
discussed shear-lag solutions. There is unfortunately no way to judge the accuracy of this approach. A
better approach, as done in this paper, is to choose a stress function that minimizes complementary energy.
By the principle of variational mechanics this approach assures us of finding the most accurate solution for
a given set of assumptions. Second, their analysis only deals with an isolated fiber break. In real single-fiber
fragmentation tests, the breaks interact and the stress analysis should include this effect.

The goal of this paper is to improve the analysis and interpretation of embedded single fiber tests.
To avoid the limitations of the shear-lag model or the Whitney and Drzal (1987) approach, and to avoid
the burdens of purely numerical solutions, we present a new closed-form, three-dimensional, axisymmetric
solution for the stresses around breaks in an embedded single fiber. We specifically discuss the single-fiber
fragmentation test (Fig. 1A) which can be viewed as a two phase structure containing a matrix phase and
a fiber phase. Upon loading, the brittle fiber phase fails in a roughly periodic array of cracks. There is a
close analogy between this structure and symmetric cross-ply laminates of generic layup [0,,/90,/0,,]. The
cross-ply laminate can also be viewed as a two phase structure consisting of a 0° ply phase and a 90° ply
phase. Upon loading, the brittle 90° ply phase fails in a nearly periodic array of cracks (Hahn and Tsai,
1974; Garret and Bailey, 1977; Highsmith and Reifsnider, 1982). Because of the analogy between failure
of embedded single fibers and cross-ply laminates, we can adapt some of the stress analysis techniques for
cross-ply laminates to the analysis of stresses in embedded single fibers. The most rigorous, closed-form
analysis of stresses in cross-ply laminates is the recent variational mechanics analysis developed by Hashin
(1985; 1986) that has been extended to cover thermal stresses and the analysis of 90° ply cracking (Nairn,
1989; Liu and Nairn, 1990; Liu and Nairn, 1992). The variational mechanics analysis for embedded single
fibers parallels Hashin’s (1985; 1986) and related analyses (Nairn, 1989; Liu and Nairn, 1990; Liu and Nairn,
1992). The major difference is that the cross-ply laminate analysis is a two-dimensional analysis and the
embedded single fiber analysis is a three-dimensional, axisymmetric analysis.

This new variational mechanics analysis has many features. The analysis begins with an admissible stress

state that obeys equilibrium and traction boundary conditions exactly. An approximate, but demonstrably



J. A. Nairn / Breaks in embedded fibers 135

C z
A A
R N N
T 2
Fiber
v
%
A Matrix
0
oLl
2L per r (or &)
or, r,
3

01 1
A
Fig. 3: The two-cylinder model used for the axisymmetric stress analysis. A single fragment of length [ showing the

axial and radial coordinates in both dimensioned and dimensionless forms. B: A cross-section of the two- cylinder
model showing the fiber of radius 7; and the matrix of radius rs.

accurate form of the stress state is found by minimizing the complementary energy. In the final result, all
stresses are included and the solution can be used for any fiber volume fraction. We analyze an entire fiber
fragment and thus the solution accounts for interacting fiber breaks. Finally, the solution includes residual
thermal stresses and therefore can be used to assess the role of radial compressive stresses on interfacial
properties. The next section describes the variational mechanics analysis of the single-fiber fragmentation
specimen for a transversely isotropic fiber in an isotropic matrix of any volume fraction. The analysis assumes
the fiber and the matrix are linear elastic and that the interfacial adhesion is perfect. In the results section, we
plot the stresses at the fiber/matrix interface and give predictions for an “ideal” single-fiber fragmentation
test. The analysis presented in this paper is only intended as a starting point for the analysis of single
embedded fiber tests. The discussion section describes how the analysis can include imperfect adhesion,
account for interfacial friction effects, and handle other single-fiber tests such as microdrop debond tests
(Gaur and Miller, 1989).

2. Stress Analysis
2.1. The Stress Function and an Admissible Stress State.

We consider the two concentric cylinders in Fig. 3. The inner solid cylinder is the fiber and the outer
hollow cylinder is the surrounding matrix. The radii of the two cylinders are 71 and r,. During a single-fiber
fragmentation test, the central cylinder will fracture and become partitioned into a series of fragments. The
fiber breaks do not disturb the axisymmetric nature of the stresses and we thus conduct a three-dimensional,
axisymmetric stress analysis of the single fiber fragment of length [ (Fig. 3A).

For axially symmetric stress states, the shear stresses 7,9 and 7,9 are zero and we only need to consider

the remaining stresses — o, 0gg, 0., and 7,,. The equations of equilibrium for the four remaining stresses
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reduce to (Timoshenko and Goodier, 1970)

aarr 87—7‘z + Orr — 000

or 0z r =0 (7)
OTrz | 004 | Trz
o + 9% + —=0 (8)

We rewrite 7,, and o, using two functions of r and z,  and ¥, as

0%
T T 90z ©
100  0*w
L= 1
I = o o2 072 (10)
Integrating the equations of equilibrium we find
2?’Q 0%V
Opg = Bl + 922 (11)
0% 10V
- 12
7 or? 5 ror 12)

We introduce one and only one assumption — we assume that 0., within each cylinder depends only

on the z coordinate. All such stress states are recovered by selecting

U(r,z) = 21/}0

+ 1 1nr + o (13)

where 19, 11, and 9 are arbitrary functions of z only. To get o, and ggg we need to know 2 which we find
using radial compatibility. In axially symmetric stress states (Timoshenko and Goodier, 1970)
ou

u
Err = 5 and Epo = ; (14)

which leads to the compatibility condition

Err —Eg9  O€qg
= 15
r or (15)

When each cylinder is at least transversely isotropic with the axial direction along the cylinder axis and o,

is independent of r, Eq. (15) reduces to

o 0
(1 ) T =

” gee — VTUrr) (16)

where vr = v9 = Vg, is the transverse Poisson’s ratio. In terms of Q and ¥, Eq. (16) is
0 (109 . 9% +a )82\11 _0 (17)
or \r Or or? vr 822 )

This equation is solved in the general sense by putting

rt r2lnr 2

Q:—(l—llT) |:64 g+ 1 + ¢ +%w3+¢4lnr—|—w5 (18)
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where 3, 14, and 5 are three new arbitrary functions of z only. Using 2, the general axially symmetric

stress state in which o, is independent of r becomes

0.2 = o (19)

rz — _% - % (20)
2 "

Opp = 71;6%’(3 +vr) + 20 r) Inr+ (1= vr) + 42 - % (21)

7,2 "
oo = 175%’(1 +3vr) + Tl(Q(l +vr)Inr — (1 —vr)) + 2 + %

(22)
where 19 and 14 have been redefined. In terms of the previous functions 1y = 9§ — M( + Y+ 13)
and 1y = (1 — v7)ths.

We apply the general stress function to each cylinder separately. We denote the arbitrary functions of
z defined in the previous paragraph by v; ; where ¢ is 0, 1, 2, or 4 denoting the function number and j is 1

for the fiber cylinder or 2 for the matrix cylinder. In the fiber cylinder, the requirement for finite stresses at

r =0 forces 14,1 = ] ; = ¥Y; = 0. In the matrix cylinder we have boundary conditions
TTZ’Q(TQ) =0 (23)
O-TT,Z(TI) = Urr,l(’rl) (24)
U'rr,2<’r2) = Oedge (25)

where 044 is a constant applied radial stress. By force balance
Viosq+ Voo, 0 =00 (26)

where og is the total applied axial stress and V; and Vo, = 1 — V; are the volume fractions of the fiber and

matrix, respectively. From these conditions, the stresses in the fiber become

Ozz,1 = ¢ (27)
/
Trz,1 = _% (28)
" 2(1—|—l/ )11’1‘/1 ’(/)4 2‘/2
rr,l = T4 2 3 m = - S edge 29
Irrl = 75 (f (B4vr) +v vr + Vs 2V, + Oedg (29)
" 2(1 + v )1DV1 Py.2Va
2 m s
J06,1 = 16 (g (]- + 3VT) + vy —vr+ Vv2 - T%‘/l + Oedge (30)
and the stresses in the matrix become
oo Viv
— 9 _ 1
0222 = v 7 (3 )
()
rz,2 — TAvtr - x5 32
T A (32
"
O'rr,? - 1/(5‘/2 [(3 + Vm) + 2(]- + Vm) 11152‘/1 - £2V1 (3 + Vm ( §2V ) + Jedge (33)

w/l 1
0o = 167, [(50m — 1) + 2(1 + v) I €2V; — E2V4(1 + 3u,)] + r2 14+ —— v + Oedge (34)
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In these equations ¥ = 10,1, vy, is the Poisson’s ratio of the isotropic matrix, and vr is the transverse

Poisson’s ratio of the fiber. The stresses have been put in a dimensionless form in which & = :—1 and v and

14,2 are functions of the dimensionless axial coordinate ( = ﬁ

We eliminate 142 by requiring radial displacement, u = regg, to be continuous at the fiber matrix

interface. The resulting calculation yields

Yy Ay n Ay As Ay As

= =V T edge - - —T
2 T A 16 T At T A YT 4,0 4 (35)
where
Vo(l—vp) 1—=vy 14w,
A =
"= " ViEr B, | Viba (36)
l—vyr 1-—vpy 2InV; 2(1 — vp)
A = — 1 1
= (B A ) e (14 25 ) 2 (37)
1l—vyr 11—y,
Ao = - 38
2 By o, (38)
Vg Vive,
A= — | =2 39
? (Eﬁ%%) (39)
v
Ay = —2 40
' %E, 10
A5:OéT—Oém (41)

In these equations, F4 and Ep are the axial and transverse moduli of the fiber, E,, is the modulus of the
matrix, v4 = U, = U, is the axial Poisson’s ratio of the fiber, v, is the Poisson’s ratio of the matrix
ar is the transverse thermal expansion coefficient of the fiber, «,, is the thermal expansion coefficient of
the matrix, and T = T — Ty is the temperature difference between the specimen temperature, T, and the
stress-free temperature, 7.

We next make a general observation about these stresses which will lead us to a requirement for a third
cylinder. When a crack develops in the fiber, the stress 0., and hence v at the crack are zero. From
Eq. (31) the tensile stress in the matrix will increase to 0,2 = 09/V2. By the assumptions inherent in
the stress state (i.e., 0., independent of 1), this stress concentration in the matrix will exist near the crack
tip and continue unabated out to the edge of the matrix at » = ry. This behavior of the o,, stresses will
not cause serious errors when V is fairly large. When the fiber volume fraction gets small (e.g., fiber in an
infinite matrix), however, we can expect this enforced r independence to give poor results. More realistically,
we would expect that the stress concentration due to a fiber break will be felt only for some finite distance
into the matrix. If the effect of the fiber break is apparent for r < r. where r. is some critical radius, then
the stresses in the matrix beyond r. should be the far-field stresses or the stresses in the matrix that exist
when the fiber has no breaks.

A major interest in embedded single-fiber tests is for fibers in an infinite matrix. When the matrix
is infinite, we account for the form of the stresses described in the previous paragraph by adding a third
cylinder of infinite radius. The stresses in the third cylinder are set to the far-field matrix stresses. We find
these far-field stresses using a two cylinder analysis that has an infinite radius matrix cylinder, a fiber with
no breaks, and ocqge = 0. The calculation is given in Appendix 1. The stresses in the third cylinder or

far-field matrix cylinder simplify to:

0223 = Oapp (42)
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Trz,3 = 0 (43)
Too
Uf,v,‘)?, = 572 (44)
O
0'09’3 = _572 (45)

where 04, is the total applied stress and o, is the radial stress at £ = 1. An explicit expression for o is
given in Appendix 1.

With the addition of a third cylinder, we must make changes in the previous two-cylinder model. The
two required changes relate to the axial and radial boundary conditions. First, the third cylinder applies
a radial stress on the inner two cylinders. This constant radial stress can easily be incorporated into the
two-cylinder model because we anticipated it by allowing a non-zero edge stress. From Eq. (44), we simply
set Tedgge = Vi0s. Note that even in the presence of the third cylinder, we continue to reference volume
fractions to the two inner cylinders. Thus, Vi + V5 = 1 and V3 = oco. Second, the third cylinder will
affect og. The appropriate value of og is the one that causes the total axial displacement of the two inner
cylinders to match the total axial displacement of the third cylinder. oy is a function of the fragment aspect
ratio (p = 2171) and will be evaluated after we determine the stresses. For now, we indicate the functional
dependence of o by writing it as oq(p)

For subsequent calculation, it is useful to rewrite the stresses in the two inner cylinders in a ma-
trix form. The stress in cylinder i is given by [0;] = [B;][¢] where [0;] = (Orri, 000,i, 0220 Trzi)s (W] =

(oo(p), Ty, ', 0", 05), and [B;] is a matrix specific for each component. For the fiber cylinder:

A As A
P R P oon (- )
A A A A
Bil=| v v —va 0 R W (1 - %Ai) (46)
0 0 1 0 O 0
0 0 o -5 o0 0
where
1 2(1+ vy,) In 'V VLA
f1=16(§2(3+VT)+Vm—VT+ ( VQ) l_VjA;) (47)
1 2 2(1 + l/m) In V1 V2A1
- — (e - = 4
fa 16 (S( + 3vr) + v vr + % VA, (48)
For the near-field matrix cylinder (cylinder 2):
A A A A
B0-ew) 20-ek) 20-ow) 0 s w2 (-oy)]
A 1 As 1 A 1 A 1
By] = A*i(”g?m) %<1+W) A*i(”ﬁ) 0 fa Vl[”fi(”gzvl)]
= 0 -a 0 0
V2 V2
Vi
0 0 0 % (6- ) 0
(49)
where
1 VoA 1
fy = oV {(3 + V) (1 — €2V1) + 2(1 + v €2V + Zol (1 -~ a7 )] (50)
1 VoA 1
fa= 167, {(1 + 30 (1= V1) = 2(1 — vi) + 2(1 + vy) M EV5 + 12401 (1 + 52‘/1)] (51)
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2.2. Complementary Energy Minimization

The three cylinder stress state is completely defined by one unknown function — 1. The stress state is an
admissible stress state in that it obeys stress equilibrium, traction boundary conditions, and interface stress
continuity. By the principal of minimum complementary energy, the function ¥ that produces the minimum
value for the complementary energy will give the best approximation to the stresses in an embedded single
fiber. For thermoelastic analyses, the complementary energy can be minimized by minimizing the functional

I" given by )
= /V 5 IK][o]dV + /V [0] - [a]TdV — / (o] - 4dS (52)

S
where [K] is the compliance tensor, [a] is the thermal expansion coefficient tensor, V' is total volume, and Sy
is that part of the specimen surface subjected to fixed displacement of @& (Carlson, 1984). For the problems
discussed in this paper, S7 is null.

We evaluate T for the region between the two cracks located at z = +1/2 (see Fig. 3A):
3 2m Tii % 1
=3 [Tao (i [ az (G m B+ Tlad (2101) (53
i=1 Toi —3

where ro; and rg; are the initial and final radii of cylinder ¢. When each cylinder is at least orthotropic with

the symmetry axes of the orthotropy coincident with the axisymmetry, the symmetric compliance tensor is

KRG K o
)l k) o

K] = ; ; J 54
S S i
o o o K
and the thermal expansion coefficient tensor is
o] = (af}, 033, a5 0) (55)

where the 1, 2, and 3 coordinates refer to r, 8, and z direction properties and the superscript (i) denotes
the properties in cylinder i. Because of axisymmetry, the 6 integrals are trivially 2. Doing the 6 integrals,

collecting the r integrals, and recasting in dimensionless form results in

r=mi [ dc (Il + 27Dv) (50
where
3 §ri
1= [ caelm (i) 57)

3. réri
D)= [ cdelaiBs 59)

The matrix [C] is 6 x 6 and the vector [D] is of length 6. The new dimensionless quantities are defined as

— Toi — Tof
§oi = 22 and §op = -
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In evaluating the symmetric [C] matrix and the [D] vector, C14, Ca4, Cs4, Cys, Cyg, and Dy are obviously
zero. Some simple integrations reveal that Cho, Cas, Cos, and Cyg are also zero and that Coy = —Ds.

Expanding Eq. (56) therefore results in

p
=Tg+ 7”"?/ g (0331112 + 2C5590" + Cs50""? + Caath” + 2(Cr300(p) + C36000 + D3T)
- (59)
+2(C1500(p) + C56000 + D5T)7///)

where I’y is a constant and will not enter the minimization procedure:
FO = 27T,0T‘:13 (Cnao(p)Q + QClﬁgo(p)Uoo + 0660'20 + 2TD10'0(,0) + 2D6TO'OO + D2T2) (60)

The elements of the [C] matrix and the [D] vector all involve integrations over the dimensionless radial
coordinate £. The integrations can all be evaluated in closed form. When the fiber is transversely isotropic

with the unique axis along the fiber axis and the matrix is isotropic, the result of much tedious algebra

yields:

U3z = % (ElA + V;gw) - Eii (61
=55 [0 000 (14 52) -] 24 "

o 2;(5{ 1 ;TVT [5 —|—321/T +Vm<2+ym)} L 44201 +‘2m)21nvl (1 N 1?/12/1) B Eii
1— vy, [Vf(l + ) (5 4 3vm) = 3Vo(l + vin) (3 + vm) +6(5 +3vm) | 8(1+ ”ﬂ;) lnvl} } (63)

B 3V Ve &
cu=islar g () "
Ciz3 = 72‘/21Em B VQV/lljlj:Zl .
s R "
Dy = — Kﬁi [ar — ] + % [oa — ] ®0

where the new terms, G4 and G,,, are the axial shear modulus of the fiber and the shear modulus of the
matrix, respectively. The constants not listed above are not required for the calculations in this paper.

We begin with a limiting solution that ignores end effects and therefore applies to the stresses far from
fiber breaks. Far from the fiber breaks the shear stresses will be zero which implies that ¢’ = ¢)” = 0 which
further implies that v is a constant. The constant will depend on p and we denote it as ¢(p). T' is easily

evaluated to be

I =T + 27rip [Caztbo(p)® + +2(Cr300(p) + C36000 + DsT)iho(p)] (68)
I' is minimized when
Yolp) = — Ci300(p) +CC'36000 + D3T
33

Because the one assumption about o, being independent of 7 is correct far from the ends, the value of 1o (p)

(69)

should, and does, recover the exact solution for a two-cylinder model under axial stress op(p) and radial

stress V104 in which the fiber has no breaks (see Appendix 1).
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A special case of the limiting solution is for an intact fiber in an infinite matrix. For this case the stresses

in the near-field matrix must match the stresses in the far-field matrix. Defining

p—00
we require
— Vithoo
Gan = Gayy = 2000) = Viteo (71)
Vs

Solving for og(c0) and substituting into Eq. (69) results in

C113‘/2011191) + C36000 + D3T

Voo =~ Cs3 + V1013

Eq. (72) recovers the exact elasticity result in Appendix 1.
To find the stresses near the breaks in a fiber fragment of length [, we minimize I" using the calculus of

variations. The Euler equation for 1 is

O+ py” + qp = qio(p) (73)
where o o o
2035 — Cyy 33
_ — 9 74
p o 1= (74)

Because 1)(p) is obviously a particular solution to the Euler equation, we can write the general solution as

¥ = 1o(p)(1 — ¢) where ¢ is the solution to the homogeneous equation
¢ +p¢” +qp =0 (75)

The requirement that o, 1(£l) = 7,,,1(£l) = 0 or that the the fiber fracture surfaces are traction free leads
to the boundary conditions ¢(+p) = 1 and ¢'(£p) = 0. Eq. (75) and its boundary conditions are identical
to the equation and boundary conditions that appeared in the analysis of the stresses in cross-ply laminates

(Hashin, 1985; Hashin, 1986; Nairn, 1989). The solution extracted from Nairn (1989) is
Bcoshal  acosh B¢

sinh ap sinh Bp
= 76
¢ B coth ap — acoth Bp (76)

where

2

p p
a= 2+ 11 (77)
_]p

=135 T4 (78)

This solution assumes that % — g > 0 which holds for the calculations in this paper. For completeness, the
solution when % — q < 0 is provided in Appendix 2.
Having determined the stresses we can find o¢(p) by equating total displacement of the near-field matrix

cylinder (cylinder 2) to the far-field matrix cylinder (cylinder 3). Integrating the strains we have

/

N~

s
€123d2 = /2 €22,0d2 (79)

L L
2 2
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Inserting the stresses, noting that ffp Y"”d¢ = 0, and using the definition of 1g(p) in Eq. (69), we quickly

achieve
o (2ymV1 (1 N %3) N lemcggSc;guf(gs))) o + (quUAE, i 2V1Empgc§;3(1—<¢>)) T
ao(p) = 1 2upAy  2ViERCR(1=(4) 0

Vs Ag Css

Eq. (80) requires evaluation of (¢) defined as
W=y [ (s1)
o) =g | od 1
2pJ_,

We could evaluate this term by integration of ¢, but it is simpler to integrate Eq. (75) and rearrange to get

_ ) _x)
0= =2t (82)

where we have defined a new function

tanh ap tanh Bp

X(p) = —¢"(p) = ap(8* — O‘2>5tanhﬂp —wtanhap

(83)

In evaluating specific stresses we need to know the first and second derivatives of ¢. From Eq. (74),

P = —1o(p)¢’ and ¥ = —1)o(p)¢” where

sinha¢ _ sinh 8¢
/ sinh ap sinh Bp
=« 84
¢ B coth ap — accoth Bp (84)
acoshal — Bcosh ¢

7 sinh ap sinh Bp
= 85
¢ Oéﬁﬂcothapf acoth Bp (85)

A special case of the above solution is the stress state around an isolated fiber break. We find these
stresses by taking the limit as p — oo. Taking this limit and redefining ¢ such that the origin is at the crack

rather than midway between two cracks gives the following results:

1

Y =1 |1 — 7o (ﬁe‘“< — ae‘ﬁc) (86)
’r_ Yoot —al _ _—pC
P = i (e e ) (87)
w// _ _"/}ooaﬁ (ae_ag _ Be—ﬁ() (88)

b —«
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Table 1
Typical mechanical properties for a carbon fiber and an epoxy. These properties are used for the sample calculations
in the Results section.

Property Carbon Fiber Epoxy Matrix

E, or E,, (MPa) 220000 4300
Er (MPa) 14000

G4 or G, (MPa) 35000 1605

VA O Uy, 0.2 0.34
vr 0.25

a4 or oy, (ppm/°C) -0.36 40.0
ar (ppm/°C) 18.0

Omy (MPa) 100
ofut (MPa) 3100
Diameter (mm) 0.007

3. Results

The previous section described a closed-form solution for the stresses around breaks in embedded single

fibers. For a given applied stress, oqpp, and temperature differential, T' = T — Tp, the complete stress state

is defined by the @ function. Specific components of the stress are defined in terms of ¢) and its derivatives
in Eqgs. (46)—(51) and Egs. (42)—(45). The required constants oo (p), ¥o(p), and o are defined in Eq. (80),
Eq. (69), and Eq. (A4) in Appendix 1, respectively.

For a sample stress state, we consider a typical carbon fiber fragment with a length of 10 fiber diameters

in an epoxy matrix. We use the fiber and matrix properties listed in Table I and arbitrarily choose oy =

25 MPa and T' = —125°C. Finally, we need to select the radius of the inner two cylinders or, in other words,

a value for Vo — the volume fracture of the near-field matrix cylinder. We imagine at least three rational

models for selecting V5:

1.

Minimum Complementary Energy Model: select V5 to minimize the total complementary energy.
Unfortunately this model fails because the minimum complementary energy occurs when Vo = 0 or

when the near-field matrix cylinder is eliminated.

Matrix Plasticity Model: An exact linear elastic stress analysis would show a stress singularity in
the matrix at the crack tip of the fiber break. In real matrices, however, the matrix stress would not
become singular but would be limited by the yield stress of matrix. The matrix plasticity model is to
select V5 such that the stress in the near-field matrix cylinder after the first fiber break is equal to the

matrix yield stress—o,,. After the first break, this model requires

00(00)

0222 = Omy = ‘/2 (89)
Before the first break we have
oo(00) — Vitso
0:2,2 = Oapp = o )v2 e (90)
which allows us to determine o((0c) and solve for Va:
v, = (1)

’l/)oo + Omy — Oapp
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Fig. 4: The axial tensile stress in the fiber, 0, the interfacial shear stress, 7,.,, and the interfacial radial stress, o,
as a function of distance (in units of fiber diameters) in a fiber fragment of aspect ratio 10. The solid lines are the
stresses calculated by the variational mechanics analysis. The dashed lines are the stresses calculated by a shear-lag
analysis analysis.

3. Experimentally Determined V; Model: select V5 such that the predicted fiber and matrix stresses

agree with experimentally measured stresses. This model is discussed further below.

In the absence of experimental results for our hypothetical example, we resort to the matrix plasticity model.
For the specific loading conditions of oy = 25 MPa and T' = —125°C, 0o, = —12.53 MPa, ¥, = 164.16 MPa,
and og(00) = 68.64 MPa. By the matrix plasticity model we find Vo = 0.686.

The solid lines in Fig. 4 plot the axial fiber stress and the shear and transverse stresses at the fiber /matrix
interface. The axial fiber stress is zero at the fiber break, as required by boundary conditions, and builds to
a constant plateau value within about three fiber diameters. For finite fiber fragment lengths, the plateau
value is less than the far-field fiber stress of 1,. This fiber fragment with an aspect ratio of 10 yields a
plateau fiber stress that is 26% of the far-field fiber stress. The interfacial shear stress is zero at the fiber
break, as required by boundary conditions, reaches a peak close to the fiber break, and then decays back
to zero in about three fiber diameters. The interfacial radial stress shows a significant compressive stress
concentration at the fiber break that is more than twice as large as the peak shear stress. The radial stress
reaches a constant level of radial compression within about two fiber diameters. The constant level of radial
compression is similar in magnitude to o.,. The large stress concentration is related, in part, to Poisson’s
contraction of the fiber. Near a fiber break, the fiber stress is low. This reduced stress causes a release of the
fiber’s Poisson’s contraction and the fiber tries to expand against the bulk, uncracked matrix. The matrix
prevents the expansion and a large compressive stress results. The compressive radial stress concentration
at the fiber break should be expected to play a significant role in the mechanism of interfacial failure.

The dotted lines in Fig. 4 plot the axial fiber stress and the shear stress at the fiber/matrix interface
calculated by the Cox (1952) shear-lag analysis (Eqgs. (2) and (3)). The interfacial radial stress is not defined
by shear-lag analysis. For the shear-lag calculations, the shear interaction parameter, H, is taken from Cox

(1952) (see Eq. (5)). To account for thermal expansion, the applied strain in Eqs. (2) and (3) is

Oq
e= 2" +anT (92)

m

The shear-lag analysis stresses are significantly different than the variational mechanics analysis stresses.
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Fig. 5: The axial tensile stress in the fiber, 0., the interfacial shear stress, 7,-,, and the interfacial radial stress, o,
as a function of distance (in units of fiber diameters) from an isolated fiber break. The solid lines are the stresses
calculated by the variational mechanics analysis. The dashed lines are the stresses calculated by a shear-lag analysis
analysis.

The axial fiber stress increases at about the same rate near the fiber break, but continues to increase and
peaks at a different maximum stress. The peak shear stress is similar in magnitude to the peak variational
mechanics shear stress. The shear-lag shear stress, however, violates boundary conditions by being nonzero
at the fiber break and decays more slowly towards zero. Agreement in maximum fiber axial stress can be
improved by deviating from Cox’s (1952) recommendations and choosing a lower value of H. Doing so,
however, would worsen the agreement in the initial rate of axial stress increase and in the magnitude of the
shear stresses.

Figure 5 plots the axial fiber stress and the shear and transverse stress at the fiber/matrix interface
for an isolated fiber break. Again, the solid lines are the variational mechanics stresses and the dashed
lines are the shear-lag analysis stresses. All stresses are similar in form to the stresses in a fiber fragment.
The major difference is that in about three fiber diameters, all variational mechanics stresses approach the
far-field stresses. In other words, o, (fiber) approaches ¢, 0, (interface) approaches o, and 7, (interface)
approaches 0. The shear-lag analysis stresses are again significantly different than the variational mechanics
analysis stresses. The shear-lag analysis predicts a much slower rate of increase in the axial fiber stresses
and a lower magnitude of shear stress. Better agreement can be obtained by arbitrarily increasing the shear
interaction parameter, H, but no value of H will give the correct form for the shear stress.

The are major differences between the variational mechanics analysis and the shear-lag analysis and
we are compelled to consider the accuracy of the variational mechanics analysis. Figure 6 compares the
variational mechanics analysis stresses to stresses calculated by an axisymmetric finite element analysis. To
facilitate finite element calculations, the calculation is made for a finite two-cylinder specimen (i.e. gegge = 0
and 0o(p) = Tapp). Tapp, 1, and Vi were arbitrarily chosen to be 25 MPa, -125°C, and 0.25, respectively.
Because the variational mechanics stress analysis only calculates an average fiber stress, the plotted finite
element stress is the average axial stress over the fiber cross-section. We find good agreement between
variational mechanics stresses and finite element analysis stresses. Some minor fine structure in the finite

element analysis near the fiber break may be due to insufficiently mesh refinement.
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f‘igt. 7: The fiber crack density as a function of applied load for an “ideal” and a ”real” single-fiber fragmentation
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For a fracture example, we plot predictions for an “ideal” single-fiber fragmentation test. By an “ideal”
single-fiber fragmentation test, we mean a test on an embedded single fiber in which the interface is perfect
and the fiber strength is given by a single invariant number denoted as o ;. The goal is to calculate the
crack density as a function of applied load. For a given crack density, the maximum stress in the fiber is
midway between two fiber breaks. The predicted crack density is thus found by numerically solving the
equation

o fuit = o(p)(1 — ¢(0)) (93)

for crack density using incremental values of op,. The result using the fiber and matrix properties in Table
I, T = —125°C, and Vo, = 0.686 is plotted in Fig. 7. The first crack forms at a stress of 83 MPa. For an
infinite matrix sample, this stress corresponds to an applied strain of 1.93%. This strain is higher than the
strain to failure of the fiber of 1.41% because of the initial thermal compressive strain of -0.50% caused by

thermal shrinkage of the infinite matrix. After initial cracking, the crack density increases linearly with load.
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“Real” single-fiber fragmentation tests always differ from the “ideal” test described in the previous
paragraph. The two major causes of deviations are an imperfect interface and statistical variations in fiber
strengths. An imperfect interface will cause the crack density to stop increasing and to level off at some
plateau value (see “Real” test in Fig. 7). The plateau value defines a critical fragment length that has been
used by many researches as a measure of the interfacial strength (Kelly and Tyson, 1963). The effect of
statistical variations in fiber strengths will be to alter the overall shape of the crack density wvs. applied
load curve. Variations in fiber strength will at least change the slope of the curve and will probably also
lead to non-linear results. While nearly all single-fiber fragmentation tests have focused only on the critical
length, the manner in which the critical crack density is approached contains useful information about the
mechanisms of interfacial failure and about statistical variations in fiber strengths. Hopefully the stress
analysis described in this paper and the extensions mentioned in the discussion section will help extract this

information from experimental results.

4. Discussion

We have described a new closed-form analysis for the stresses around breaks in embedded single fibers.
The new analysis avoids limitations of previous analyses and by comparison to finite element calculations is
seen to be accurate. The intention of this paper has only been to describe a new analysis procedure that
can potentially serve as a tool for the interpretation of embedded single fiber tests. We choose this section
to discuss some of the ways it might be used and some of the required extensions to handle new problems.

A logical starting point is to analyze “real” single-fiber fragmentation test results including results at
sub-critical fragment lengths. The analysis of the “ideal” single-fiber fragmentation test was given in the

previous section. To interpret “real” single-fiber fragmentation tests, we focus on three unresolved questions:

1. The near-field matrix cylinder volume fraction, V5, needs to be realistically selected. Physically V5
corresponds to the zone of matrix whose stresses are significantly affected by the presence of fiber

breaks.

2. In the “ideal” single-fiber fragmentation test the fiber/matrix adhesion was assumed to be perfect; in
“real” tests the adhesion will not be perfect. We need to account for interfacial failure and to describe

the form of the stresses after interfacial failure.

3. In the “ideal” single-fiber fragmentation test the fiber was assumed to have a unique tensile strength;

“real” fibers will have a statistical distribution of strengths.

The first question about defining V5, is best answered using the “Experimentally Determined V5 Model.”
When the fiber is intact, the stresses calculated are independent of V5. When the fiber contains breaks,
however, the predicted stresses will depend on V5. By comparing predicted stresses as a function of V5 to
measured stresses, it should be possible to experimentally measure V5. Two experimental techniques are
available. The first is photoelasticity of a birefringent matrix (Drzal, Rich and Lloyd, 1982; Drzal, Rich,
Koenig and Lloyd, 1983; Drzal, Rich and Koenig, 1985; Rich and Drzal, 1986; Bascom and Jensen, 1986).
The photoelastic fringes caused by stresses in the matrix can be compared to calculated fringes derived from
stresses found using various values of V5. A second, complementary approach is to measure the fiber stresses

using Raman spectroscopy (Galiotis and Jahankhani, 1988; Robinson, Zakikhani, Day and Young, 1987) and
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Fig. 8: A single fiber fragment of length [ showing three regions. Region I has an intact fiber/matrix interface while
regions IT and IIT have failed fiber/matrix interfaces. The regions of failed interface are § dimensionless units long.
compare them to predicted fiber stresses as a function of V5.

An alternative approach is to eliminate the need for a third cylinder by using a more refined variational
mechanics analysis. The refined analysis must relax the assumption that the axial stress in the matrix

cylinder is independent of r. For example, an alternative matrix stress function might be

r? 2 2
¥(r2) = 7 o+ 0(:) (55 ) 7| + @+ a0 (o)
This stress function gives the matrix axial stress as
T222 = Oapp + o(2)17 (95)

When A < 0 the axial stress approaches the far-field matrix stress away from the fiber break. The price
of the improved stress function is to considerably complicate the mathematical analysis and it is hoped to
address this problem in future work.

We deal with the second question about imperfect adhesion by adding regions containing failed fiber /-
matrix interfaces. The new problem requiring analysis is illustrated in Fig. 8. Region I has an intact fiber/-
matrix interface and regions II and III, both of dimensionless length §, have failed fiber/matrix interfaces.
The stress analysis in region I can be completed by procedures identical to those outlined in this paper. The
stress analyses in regions II and III require new techniques. Despite the post-failure nature of the stresses in
regions II and III, those stresses must still obey equilibrium. Thus, the form of the region IT and III stresses
must still be given by Eqs. (46)—(51) and Egs. (42)—(45) and the problem of finding the stresses is reduced

to finding 1. We suggest a good starting point is to assume some form of the interfacial stresses such as

Tr2(1) = porr (1) + 7 (96)
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Fig. 9: A matrix microdrop of dimensionless length 2p showing the boundary conditions relevant to the microdrop
debond test. oy is the background fiber tensile stress. oy, is the stress applied to the microdrop during the test.

In Eq. (96), the first term is a frictional term with u the coefficient of friction. This term only makes sense
when the radial stresses are compressive. It may also be necessary to adjust u for slip or stick frictional
effects. The second term is an interfacial shear yield stress similar in intent to the simple Kelly and Tyson
(Kelly and Tyson, 1963) shear-yield stress. Inserting the form of the equilibrium stresses into Eq. (96) results
in a second order differential equation for the v function:

pVadAs Ve A400(P)+A5T e 17V2A2 .
Vido Wi Ao Ay HOoo Vi, Y

pROY + 59 - (97)

The boundary conditions for Eq. (97) are ¥(p) = ¥'(p) = 0 in region II and (—p) = ¢'(—p) = 0 in region
III. Solving Eq. (97) for ¢ determines all the stresses in regions I and III. The analysis of region I is virtually
identical to the analysis in this paper. There are two minor changes. First, the boundary conditions will be
different. The values of (£(p — ¢)) and ¥’ ((p — §)) will no longer be zero but will be determined by the
stress state in regions IT and III. Second, because in general ¥’ (+(p—§)) # 0, the observation that (") = 0,
used when calculating og(p) and (¢), is no longer valid and the terms involving (¢"") will have to be carried
through the analysis.

An important application of the stress analysis that includes a failed interface is to study the mechanism
of interfacial failure. In other words, what stress conditions cause the extent of interfacial failure or the lengths
of regions IT and III to increase? Due to the complexity of the multiaxial stress state, it seems unlikely that
a simple maximum stress failure criterion will be realistic. We would suggest an energy release rate analysis.
With a completed stress analysis, it is possible to calculate the total energy release rate associated with the
growth of interfacial damage. Comparison of predictions to experiments should reveal if a critical interfacial
toughness can be used to predict the onset and propagation of interfacial damage.

The third question about dealing with distributions of fiber strengths can be handled in various ways.
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In general, we will have to develop a stochastic model based on some assumed or measured distribution
of fiber flaws. Given a description of fiber flaws and their strengths, a stress analysis of fiber fragments
of various lengths can be used to predict the probability of failure as a function of applied load. It would
then be possible to develop a computer model to predict the average fiber fragment length as well as the
distribution of fiber fragment lengths as a function of applied load. Such a computer model coupled with
a model for imperfect adhesion could be expected to reproduce many of the features of “real” single-fiber
fragmentation tests.

Although we have concentrated on the single-fiber fragmentation test, we note that simple changes in
boundary conditions can be used to effect stress analyses of other single-fiber tests such as the microdrop
debond test (Gaur and Miller, 1989) and the fiber pull-out test (Piggot, Chua and Andison, 1985). To be
specific, we consider the microdrop debond test. In the microdrop debond test, a microdrop of matrix is
applied to a fiber and the force required to slide the drop along the fiber or to break the fiber /matrix interface
is measured. The force is applied directly to the matrix microdrop using micrometer adjusted knife edges. If
we replace the microdrop by an effective cylinder of length 2p and ignore the third far-field matrix cylinder,
the microdrop debond specimen can be analyzed by solving the problem illustrated in Fig. 9. Before loading
the matrix microdrop the fiber has a background stress of oy. During the test, the matrix microdrop is
directly loaded with a compressive stress o,,. This stress on the matrix causes the stress on the fiber at

¢ = p to increase by an amount —

”Tl‘/? For the microdrop debond specimen, the boundary conditions on the

1 function are thus ¥(—p) = oy, Y(p) = o5 — "’{;VQ, and 9’'(£p)=0. The total applied stress is o9 = Vy07y.

1
Reworking the analysis in this paper with these new boundary conditions results in a new analysis of the

microdrop debond test (Scheer and Nairn, 1992). Similar types of changes in boundary conditions can be

used to analyze other types of embedded single fiber tests.
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Appendix 1. Elasticity Analyses When Fiber has No Breaks

We present an elasticity analysis for an infinitely long fiber with no breaks. We begin with a two-cylinder
model under total axial stress og and constant radial stress ocqg.. In the exact elasticity solution all shear
stresses will be zero and o, will be independent of £ within each cylinder. We can thus recover the form of
the exact solution by using Egs. (46)—(51) with ¢/ =" = 0. The result is

oo 00~ Vi
22,2 ‘/2
Ozz,1 = 1/}0 1
‘/2 Orr2 = wG (1 - ) + Oedge (Al)
Orr,l = 060,1 = _wai + Oedge 52‘/1
1

1
0¢92 = (2 (1 + §2V1) + Oedge

where the two unknowns 1y and g are constants. We determine vy and s using two conditions. First, the
axial strain (e,,) in the fiber and the matrix are equated. Second, the radial displacements (u = regg) at

the fiber matrix interface are equated. The result is

1 1 VoAs Ay 1 Vo Az As
- “(ty, — 22805
vo 033{[21/2Em+ Vi4o }"0 [2(0‘ )T, }
v Um VA3 A,
_Zm o r2freire A2
+[EA B T VA }Uedge} (42)

1 Az Ay 1 1% AS(am _ OéA) As 1 v
= | 4= - 4L _"° D\Em  mA) I T
Yo C’33{[2A0V2Em + 2A, (EA * %Em>:| o+ [ 24, + 240 \ E4 + VoE,,
* [AQ <EA_Em)+2Ao<EA+V2Em>:| Uedge} (A3)

This elasticity result for v is identical to the variational analysis solution for 1o (p) in Eq. (69).

To find 0 and Yo we set geqge = 0, pass to the limit as V3 — 0, and note that o = 7%1/}6. The

result of this exercise is

(I/m — VA)%:L + (VA(aA — Otm) + (OéT — am))T

Ooo = A4
o 24 l-vr _ l4um (44)
Ea Er m
AV, _ l—vp _ 14vy \ Eadapp 2u4 _ 1—vr 14+v,, _
” ( Ea Br o ) B T (TA (ar — am) + (7ET + ) (cva am)) E.T 5)
oo 208 1-wp  ltun,
Ex Er En

Although it is not obvious that Eq. (5) is identical to the variational analysis result for 1 (Eq. (72)), their

identity can be verified numerically or by tortuous algebra.
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Appendix 2. Solution When % —q<0
When % — ¢ < 0, the solution to the Euler equation (Eq. (2.75)) is

_ 2h%(p) cosh a cos B¢ — 2R/ (p) sinh a( sin 5¢

¢ Bsinh 2ap + asin 26p (46)
where
hi(p) = cosh apcos Bp (A7)
ha(p) = sinh apsin Bp (AR)
1
a=gy/2vVa-p (A9)
1
8= 5\/2vatr (A10)
The derivatives of ¢ and the x(p) function become
.2 (ahé (p) — BR (,0)) sinh a¢ cos ¢ — 2 (,Bh'z (p) + ahf (p)) cosh a( sin 8¢ AL
¢ = B sinh 2ap + asin 26p ( )
L 2((a* = 82)hy(0) — 20813 (p) ) cosh ac cos B — 2(2a815 (p) + (o — ) (p)) sink aC sin 5
o= Bsinh2ap 4+ asin28p tA12)
_ 9 .9y cosh2ap—cos2fp
x(p) = 208(a”+ 5 )5 sinh 2ap 4+ asin25p (A13)
The solution for an isolated crack is (Hashin, 1985):
P = P {1 —e ¢ (cos B¢+ %sin ﬂ()] (A14)

V' =1 (a® + B e <cos B¢ — % sin 5g) (A16)



